XIV Conferencia Latinoamericana de Informitica
17avas. Jornadas Argentinas de Informética

e Investigacibn Operativa

Buenos Aires, Setiembre 1988.

Computing Certainty Factors in Expert Systems
Using Dihypergraphs Flows

Jultan Araoz D.
Departamento de Proceses y Sistemas
Umiversidad Siron Bolivar

tdgardo Broner _
Departamento de Matematicas y Ciencias de la Computacion
Urriversidad Simon Bolivar

Alberto Torres F.
Departamento de Matematicas y Ciencias de 1a Computacion
Universidad Simén Bolivar '

Abstract: weuse é. Directed Hypergﬁaph model that allows the reduction of
derivation in Horn Systems to the calculation of @ Linear rogramming problem
feasible solution assoctated to a Unit Flow searching, We explore the application of
this tool in the calculation of Certainty Factors. Since several Expert Svstems
Knowledge Bases are expressad, or can be expressed, with Horn ciauses associated
with Certainty Faciors, the results of this work can be applied to Knowledge
Searching 10 such bases These results stiow the importance of the systematic
application of Combinatorial Optimization models 1o Expert Systems.

JResumen: Se uliliza un modelo de Hipergrafos Dirigidos gue permite reducir
una derivacion en un sistema de Horrnoal calculo de una solucion factible en un
prohlema de Programacion Lineal asociado a 12 hisqueda de flujos unitarics. Se
- explora la aplicacion de esta herramienta en el calculo de Factores de Certeza. Como
las Bases de Conocimiento de muchos Sistemas Expertos estan expresadas, ¢ se
pusden expresar, en clausyias de Horn con Factores de Certeza asociados, ¢l
resultado de este trabajo se puede aplicar directamente en 12 busqueda en tales

Bazes de Conocimiento, E510s resultades muestran la importancia de 1a aplicacion
" sistematica de los modelos de Optimizacion Combinatoria al area de Sisternas

EAperios
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1.- Introduction:

in last few years, Expert Systems [2,5] have become one of the rmiost
wnportant areas in Artificial Intelligence. Tms technology has been developed for
wide variery of practical problems resolution, and has been established as a new
pr‘«:;gri_.mzmmv. methodelogy paradigm. In this way, the knowledge used tuilding a
7 transcends program Himits and become part of the data That is why Expert
5 are 2130 called Knowledge-based Systems,

yarious schemes are used to represent a glven Knowisdge Base Such 2
knowledge Base 15 usuaily modifiable by user interaction anc © fmndied by the.

in order to produce new knowledge or to check i & given Tacl 18 a
conseguence of the represented knowledge Ge—ﬂera.ly thage operations have Daen
zeen 23 2 particular case of logical deduction and have been treated with logical
methods

From other pomt of view, wn [11], it was presentad a directed hyperqgraph
based model Tor Horn ciauses systems, which leads o the equivaience between
lagical deduction in such systems and a linear programring problem corresponding
to o generalization of flow to directed hypergraphs. With this approach, we consider
in this work the inclusion of Certainty Factors in the mode!

In section 2, we present the definitions and results of Directed Hypergraphs,
Flows ang Horn Systems that we use in this work. In section 3, we consider various
screemes for Certainty Factors and how can be 1mplemented in this Linear Model
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2.- Directed Hypergraphs and Horn Sysiems

i arder to work with the qual of 1inear problems formulated on the incidence
matrix. of a graph, Berge [1] introduced the defimition of hypergraph, a
gereralization of the concept of graph, which consist of a set of vertices and a
Family of hypereages, £ach one @ subset of vertices with cardinality not restricred
to pe squal to twa (22 11 15 0n graphs). In this way any matrix with only Zero or one
valued entries 15 the incidence matrix of a hypergraph and so it is its transpose
Usually empty hyperedges are undesired, and isclated vertices are also forbidden, in
oraer to assure that the dual holds the same property The same idea may be
trivially extended to directed graphs, leading to the concept of directed hypergraphs

v dihypergraphs

21 - Definition Let V be a finite nonempty set, and let E € P(V)2
Then the pair H = (V,E) is a directed hypergraph 1ff v e € B such that e =
GONCHE '

177 tle) N hie)=9
R te) U he)=0

An element of ¥ will be called a vertex and an element of £ will be called a
hvperedge or simply an gdge when not leading to confusion. Henceforth, the set of
all vertices of a directed hypergraph H will be denoted as Vy and the set of all its
edges as Ey, When not leading to confusion the subindex Hwill be omitted. if e = (Y,
V") is an edge of a directed hypergraph, V' will be called the tail of e, and V" the
head of e The tall of an edge e will also be denoted as Lie) and its head as hel.

A directed nypergraph is theretore a pair of sets: a set of vertices and 2 set
of nyperedges, where the head and the tail of a hyperedge are allowed Lo be any pair
uf disjoint set of vertices, not buth empty.
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inorme workoany figite et 1g gllowes [0 De an ndex sel A veCinr A

with index on 2 aet | will be denoted by A=(g :ie ), anda will be the entry of A
indexed by 1. A matrix M indexed ontwo aets I and J, will be denoted by ™M =(m;
St d, e J o where my; will e the entr\, of M indexed by 1 and j, M may be
irterprered as 2 vector indexed on the cartesian product of | and J, that 1s M = (
me (1,jre txJ ) A function F with domain in a finite set D will be represented

(i -
by the vector F={(f,. deD)wherefy=F(d)

22 - perinition Let H be a directed hypergraph. Then the incidence matrv
of HwillbeH = (hy. VeV, eek) where

-1 if (vztle))

fe = i it (vehle)!
]
l O "xf ( \J F‘E J’:[?’ U “"E’ ;

A i
At n

Cthe Ined

P i 1 N .
Ty ETT X withonly 0,1

uf a directad hyperoraph if it doss not have two edual Colurng o a Zerc columin

0w we evtend the concapt of path te di ,ec ed hyr

2.3.~ Derinrtion Apath, from sq to s, (k 2 0), in a directed hypergrapn H is @
zerquence ot form:
o Sper B 5y
where:
k ko‘ & p( \f)
Kl (e k)
f

Kl ttlednisgy=@)atnie  ng =00,

The eane cpguence as

'.,0

ociated to a path ise;e; . #.The igngin of 2
sath D Cgsnoted by length(P) ) 13 the total number of socurrences of edges |
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foud Py = 3 =
R 1 i

ept. Next, we introduce the stronger Concept of

T vertices 5 grows in the path by mean of

o path in @ directed hypergraph = 13 a path o

the Torm

Wher 2

IS

(77 waelklos = ~_ in ( e

[{

Now we present a generalization of the probiem of flow in networks [4]
direcred hypergraphs. Most of ne notation and dafinitions are extended from {10l

75 - pefinition: Let H be a direc ypergrap?\ Thena {low F in Hois
just 2 function of the edges of H into the réal numbers, 1. e F:E= B The vaiue
Fle) will be cailed the Tlug of the edge P'«\_ ’f'lc:w Foig an jnfegral flow ff for
all e inE, tnz fiux of e is Integer, that 13 range(F) € N Fora flow F the set of
edges with pom.l\e flux will be denoted as P(F), 1 e P(F)=lee E G RIS
A flow Fwill be called o nonnegative T1ow iff it has nomeaat ve flux for all edges,

S6 - pefiiton Let H be a directed hynergraph end let F be 2 flow 1
The givergence funciion of Fis DivF-‘x’ B, Wher s,

H vyl ¥ (e - 5
Divel v~ -’-‘ieeE:\-eh(e,“‘F“:" “ {eet:ivele)) F(e)

Nata that divergence function for v; can be calcul iated by multiplying b row
of the incidence ma fH by the vector F. Therefore
27 - femma Let Hibe adirected hypw graph and F woin H then
H*F =Dy £
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]

(1oys T =pecial nlereST The Consiferation ol nonnegative Tiows wiih
cozreiotiing on the divergences Tnege regtrictions will he, 1or the divergence of
“re of the following types equal to a given value, less than or equal,
anof equa) snrestricted Now, if Ras a vector of restrictions and Da
constant veotor, tn mdexva on Vy then the set of nonnegative flows sall
roctrictions, will be equal to the get of feasible solutions to the linear
iming oroplem H*F RD F 50 Since for the scope of this paper only
ve flows are relevant, thereafter whenever a flow appears it will be
surned 1o be @ nonnegative flow.

Definition: Let H be a directed hypergraph, V' ang V" disjoint
Fbe a flow in H Then F is an unit flow from V' to V" ife
vve V" (Divel vy =11

(i1 gve V-0 YUV {Divelyv =07
MWote :haf aunit flow 12 3 special Case of restmicted flow, 30 @ Hum 15 a Uit

flow 1TF 10 5 a feasible solution of the linear problem H=F RO, F o0 wherer,
'R oan equaNTY for every vertax 1n V- V' and no restriciion for avery vertex in v
T e i ) . / N ’

and 4,15 ) for allvertices in V' and for all vertices in V- { VL VT This can
be stated in the foliowing lemma:

’

et H be a directed hypergraph, Viy V' LwWo disjoint subsets of
is a unit flow iff it 15 a feasible solution of the linear
where & and D are a5 described above

i)
-

emma L

e the logic model we uge in this work. 11 15 basad in @
Clauses, very impertant for the siplicity of the derivanons
tem and thelr suitableness 1or expressing most of knowledge, are Horn
] oh tuerﬂ 13 only one atomic prd asition at the moht s1de, 1. &
Ftne form: Aqg e o pIT @ form: wia i @ finite conjunction of Horn
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it ‘rs in ko Clau

0= [ Q]

0 that . m. NG > ¢t the Torm
where p' e P 1s @ / formula in clausular form

= Lo have not such clauses.

210~ pPefinition Let P be a set of atomic propositions then a Horn
55-;Stem .S 15 2 pair (P,C), where C is a set of nontautological Horn clauses
the atormic propositions in P, :

A Horn sysiem 18 then paturally modelled
-0ges having @ unitary head. In this model

p

vstem and edges represent the clauses.

sronpositions of

41— Derinition: A directed hypergraph H 18 @ rule hypergraph if &
veoeEhle)d =1

Any edge of H will be called a rule and any vertex an atom of H A
role of the form (T, {vy 1) will be denoted as T — v, Any subsel of ¥ wili

s an information state of H, and the set of all information states of H will
ve denoted by 1Sy (1S4 = P(V)).

Then every atomic proposition p of a logical system wiil be
represented by an atom v, and every clause of the form: AqpepiP— p(pe Py by
ruie e = Vp— vy, where Vp=1[v, - peP J.In this way any Horn system S can &
modelled by a rule hypergraph, that will be denoted H(S).

[

@D

How, we Introduce a path-based concept of derivation:

22 Definition Let H be a rule hypergraph, A derivation of o ror O in

Fowhere d 15 a vertex and U an information state, 15 anncreasing path, of .ns o
So€1S1€252 - Sk-1 B Sk

Vhere:
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The edge sequence of @ derivation will be called rule sequence A rule
contained in the rule sequence of a derivation is said to be applied in it. Arule e is
said To be appijcatile grven an infermation state O iff tle) cO

Lis

Note that the concept of derivation in rule hypergraphs corresponds to that
of Toqical derrvation with Horn clauses by mwodus ponens 1f information states are
interpreted ag the conjunction of the propositions represented by s atoms, wmich

# assumed to be true, thema rule 15 applicable if its preconditions are true, and
the set of true propositions after the rule is applied is augmented by its
consequent

This completes the path leading to the main results of [11]
existence of a derivation in a rule hypergraph is equivaient .
feasible unit flew in it. This reduces the problem of logica:
oropositional Horn clauses to a Jinear programming problem.

tem and fet P' be a subset of

213~ Tneorem: ([11]) Let S = (P.C) be a Horn systen
“is tegically derivaple from

P Then the nontautological Horn clause Ay op i = €
the clauses in S iff there is anunit flow. from & top” in H

a
214~ T*/u—":l.*a? (11htetS=(PCibea Horn & system and let P' be a subset of
P Then the nontautological Horn clause Aqy ey b= P75 Togically derivable from
the clauses in S Iff there 15 a feasible solution of the linear probiem HS) *F RD

e

» 0, where r, 15 an equality for svery vertex i V - { v, p e P and no
restriction for every vertex in{ v, 1 p'e P'J, and d, is 1 for vy and is equal to O for

3

all vertices inV-( [vy.p eP iU (p"]J

),

7]

O
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3.~ Computing Certainty Faclors in the Linear HMode!

ceveloned o deat wilh
'\ortaut mogdels ones are the
c [8,12], even when many

e result of (2 11) any Cartainty Factors Algebra can be

crizetion of a functional over @ finearly nounded space 1115 of 3pec

wageis that can be translated to hinear Tunciions thus reducing The seant
gramming proplems in

even when D'Ubr’bt,u\"\_ Lo tunctionat,

callows a hnear formulation,

n Fuz zzy Logic the Certainty Factors ¢ A g dervation 1S the minimum of ail (ne
factors of the rules and facts used 1n the derivation Hence, the probiem 15 {2 Ting
dertvation which maximize this minimum, Since we conader facts as special rules
ief o be the Certainty Factor of rufe 1 Our problem 1s then

max (min [ e rule 115 used in sch wutionF ) F i solution ]

This 15 a max
soluttons F Lo HS) *
aych thecrem

-min problem with setup costS &; if fy>00r Gif 7y =0 over
T RD; F20by theorem (2.14), where R is as described in

Let X be an integer vector with indexes on ihe rules of S, where x; is eouz! fo
GO £y =0, and 15 equal to | otherwise The feasible set s

L
!
L
)

k
-
I
Rl

aa|
'
fas)
mal
L
—
¥
]

whers 13 @ bound for fi (ke n, the numbar ¢f rules in S
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Mow then, the functional 15
max (min (e % = 1) (F X isasclutionof (3.1)]

=l o= minfegrx L (L oghol o= b ond where

L > max 'a:. =i.nl
Therefore, to find the best Certainty Factor 15 equivalent Lo the nroblem

maxminloq*xu!.*(l-xi):1=!,tn]

Qver .
ASy*E RD ; F20; FeM*X e (01N

N CRt

And this problem can be solved as a mixed integer tineza
any max~min functional can be transiated to a linear one. 1

this case as follows:

25~ Theorem: Lat S = (P.C) be 2 Horn system with Fuzzy Cerlainty | Fa Mors
associated to each rule i Tren the Certainty factor of the Clause ANpepib =0
g
max b
Over
{f_.@]*‘)‘\k'}l"\;‘\;} !:,ﬁ t,
bxo,
RS *F RD
F20,
Fam=y,
¥oe 0, 1h
where Lo max (e 1= 1. nlryisan equa%i'{ for every vertex in V- { vy
o e D'} oand no restriction for every vertex in [ vy . p € F 1, ¢, 15t for v, and is
egual to O for all vertices in V-({vy:p e 'P’ P {pt 1), and Mois @ bound for T

(Tike r, the number of rules in 9).
0
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i

frtnis paper we hiave shown the usefuiness of lookang at logical derivaliol

N~
Lion point ©
clauses
integer lingar programi
Flow in Directed Hyperg

This work opens two lines for future research. First, the
general or structured combinatorial models 1or garching in Knowie

Uncertainty Second, the inclusion of other Certa nty Factor Algebru
‘model
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